Abstract: This paper discusses the similarity of the patterns in complex objects. The complex object is composed both of the attribute information of patterns and the relational information between patterns. Bearing in mind the speci city of complex object, a random walk-based similarity measurement method for patterns is constructed. In this method, the reachability of any two patterns with respect to the relational information is fully studied, and in the case of similarity of patterns with respect to the relational information can be calculated. On this bases, an integrated similarity measurement method is proposed, and algorithms 1 and 2 show the performed calculation procedure. One can nd that this method makes full use of the attribute information and relational information. Finally, a synthetic example shows that our proposed similarity measurement method is validated. 
are almost interval numbers [16] , fuzzy numbers [17] [18] [19] [20] [21] , (interval-valued)intuitionistic fuzzy numbers [22, 23] , or even a set [24] . Besides these, many similarity measure methods are applied, such as the cosine method, correlation coe cient method and the max-min method, amongst others.
No matter which representation the data has or what similarity measurement method is used, all the data are vector-based attribute information, to some extent. But, in practical problem solving, this is not enough. For example, if we want to detect the community structure, the research should be aimed at network data [25] . Therefore, the data takes not only the attribute information of patterns but also the relational information between patterns.
In view of the similarity problem of such data, a lot of studies have been done. For example, Rossi et al. [26] proposed a quantum algorithm to measure the similarity between a pair of unattributed graphs, and in which the theory of quantum Jensen-Shannon divergence constitutes the basis of theoretical analysis. Moreover, Rossi et al. [27] discussed the similarity between attributed graphs by means of the evolution of a continuous-time quantum walk. In [28] , Cason et al. computed the low approximation of the graph similarity matrix. Brandes and Lerner [29] introduced the concept of structural similarity by relaxation of equitable partitions. Kpodjedo et al. [30] investigated heuristics for approximate graph matching. Maggini et al. [2] presented a neural networks model that could be used to learn a similarity measure for pairs of patterns. Grewenig, Zimmer and Weickert [31] studied the rotationally invariant similarity measures for non-local image denoising. Besides these studies, many other similarity measuring approaches are proposed in references [32] [33] [34] [35] [36] [37] [38] [39] , in this paper's.
Taking the relational information of directly-linked patterns and indirectly-linked patterns into account, here we propose a random walk-based similarity measure method for patterns in complex object. Here, the "random walk" refers to the linking route between any two patterns, and the "complex object" refers to the data that it contains not only the attribute information of patterns but also the relational information between patterns. According to the corresponding relational information of any two patterns, rstly we propose the concept of reachability of patterns. On this basis, the so called random walk route between any two patterns is constructed. From this, the similarity value with respect to relational information can be obtained by weighting method. After that, the similarity value comes naturally. During the process of constructing the random walk route, we consider two cases: one is that the longest length of it is not limited; another is that the longest length of it is restricted.
The remainder of this paper is organized as follows. In Section 2, we make a discussion on the concept of complex object. In Section 3, the random walk-based similarity measurement method for patterns in complex object is discussed carefully. In Section 4, a synthetic example is simulated to illustrate the validity of our proposed algorithm. Finally, Section 5 concludes this paper.
The mathematical description of complex object
Mathematically, the complex object can be expressed as a tuple C O = (X, R), where -X = {x , x , · · · , xn} is a nonempty nite set and x i is a pattern, for i = , , · · · , n; -R = {r ij | i, j = , , · · · , n} is a set of relations and r ij ∈ R represents the possible relational information between the patterns x i and x j .
Naturally, if x i ∈ X is nothing but a symbolic description of the i th pattern, then the information provided by R be used. If not, the pattern x i can be expressed as
, where x ij represents the value of x i with respect to the attribution a j . To the best of our knowledge, the set X can be rewritten as:
Similarly, R can be expressed as
It is well known that the attribute information x ij may be not a real number, sometimes it may be a set [24] , an interval [16] , or even a fuzzy number [17, 18] . Certainly, the foregoing proposed data representation formats are also suitable for the entries in the set R. Especially for some practical problems, the relationship between any two patterns x i and x j may be described by more than one relation, that is, R = {R , R , · · · , R k } with k ≥ , where R i ∈ R shows the i th relationship between patterns.
In what follows, we adhere to the hypotheses that for complex object C O = (X, R): R describes only one relationship, that is, r ij ∈ [ , ] for i, j = , , · · · , n and x ij is a real number for i = , , · · · , n and j = , , · · · , m.
Random walk-based similarity measure method for patterns in complex object
In this section, we pay attention to constructing the similarity measurement method from two aspects: one is that the length of the random walk route between x i to x j which is not limited, and another is that the length of the random walk route between x i and x j is restricted. Before doing this, at rst we introduce some relative concepts.
. Reachability of patterns
De nition 3.1 Suppose that C O = (X, R) is a complex object. If r ij ≠ , then we say that the patterns x i and x j are one step reachable with respect to the relationship described by R, otherwise it is one step unreachable.
Obviously, for a complex object C O = (X, R), there holds r ij = and r ij ≠ . Therefore, in this situation all patterns can be divided into two types: one step reachable and one step unreachable. Take the patterns in gure 1 for example, the patterns x and x , x and x , x and x are one step reachable, but the patterns x and x , x and x are one step unreachable. 
De nition 3.2 Let
then we say that the patterns x i and x j are steps reachable with respect to the patterns
is the possible random walk route between x i and x j .
As can be seen from de nition 3.2, we have that for the one step unreachable patterns, it may be steps reachable for ≥ . For example, the patterns x and x in gure 1 are reachable because they have 6 random walk routes between them:
Obviously, the length of such random walk routes is not equal. Especially, even the length is equal, the random walk route may not be the same. In order to avoid the unnecessary confusion, we make the following de nition. De nition 3.3 Let C O = (X, R) be a complex object. The patterns x i and x j are steps reachable if and only if they are − steps unreachable.
Certainly, for any two ( ≥ ) steps reachable patterns x i and x j in the complex object C O = (X, R), the random walk route may not be unique. Moreover, there exist one case that if X can be divided into two or more disjoint subsets(such as X and X ) in terms of R , then the patterns x i ∈ X and x j ∈ X are unreachable forever. De nition 3.4 Let C O = (X, R) be a complex object and |X| = n. If the patterns x i and x j are n− steps unreachable, then we say that they are never reachable.
Through above analysis, one can nd that for a complex object C O = (X, R) with n patterns, the reachability between any two patterns can fall into 4 types: -x i and x j are zero step reachable, that is, x i and x j are the same pattern; -x i and x j are one step reachable; -x i and x j are steps reachable, where ≤ l ≤ n − ; -x i and x j are never reachable.
It should be pointed out that if the patterns x i and x j are zero step reachable, then its similarity value is equal to 1, not only in aspect of attribute information, but also in aspect of relational information. In other words, it is trivial.
. Similarity measure in aspect of relational information
Up to now, the reachability of any two di erent patterns in aspect of relational information has been proposed clearly: one step reachable, steps reachable for ≤ ≤ n − and never reachable. When the patterns x i and x j are one step reachable, such as the patterns x and x in gure 1, the corresponding relational information r ij can be applied to calculate the similarity between them: if R describes the similarity between patterns, then S R (x i , x j ) = r ij ; if R describes the distance between patterns, then S R (x i , x j ) = − r ij , and so on. Therefore, the nial similarity value between patterns x i and x j can be determined by some weighted approaches, such as the following formula:
When the patterns x i and x j are never reachable, one can nd that during the process of similarity measurement, the relational information contributes nothing. In other words, only the attribute information takes part in the calculation. Hence, the nial similarity between patterns x i and x j is the same as that of attribute information, that is,
In the sequel, we discuss the situation when the patterns x i and x j are steps reachable for ≤ ≤ |X| − . For this, equation (1) and equation (2) are invalid for calculation. Take patterns x i , x j and x k for example, where r ij = but r jk ≠ and r ik ≠ . If we only consider r ij = , then the similarity of x i and x j , about relational information, is equal to 0, is it reasonable? Certainly, no! As can be seen from the above subsection, there would have more than one random walk routes between two patterns, such as x → x → x → x and x → x → x → x in gure 1. Intuitively, di erent random walk route reects di erent similar-degree between these two patterns. To this, we introduce the following approach to calculate the similarity between two steps reachable patterns x i and x j . Given that the patterns x i and x j are steps reachable, and there are more than one random walk routes between them. Then, the similarity value, in aspect of relational information, can be calculated by formula
where So, the nial similarity value between the patterns x i and x j can be calculated by the weighted formula
Naturally, if patterns x i and x j are zero step reachable, then S R (x i , x j ) ≡ .
. Similarity algorithm construction
In above subsection, we discussed the similarity measure with respect to the relational information. Because the attribute information of patterns is represented as a vector
, the similarity between any two patterns with respect to attribute information is straightforward, such as the cosine measurement 
can be used. Bearing our research purpose in mind, the random walk-based similarity measure method can be summarized as following algorithm 1. Notice that for briefness, the sentence "random walk-based similarity measure method for patterns in complex object" is abbreviated into "RWSMM-PCO". mber 7, 2016 Journal of Difference Equations and Applications RWBSMMFPICO the weighted formula
Naturally, if patterns x i and x j are zero step reachable, then S R (x i , x j ) ≡ 1.
Similarity algorithm construction
In above subsection, we discussed the similarity measure with respect to the relational information. Because the attribute information of patterns is represented as a vector x i = (x i1 , x i2 , · · · , x in ), the similarity between any two patterns with respect to attribute information is straightforward, such as the cosine measurement
can be used. Bearing our research purpose in mind, the random walk-based similarity measure method can be summarized as following algorithm 1. Notice that for briefness, the sentence "random walk-based similarity measure method for patterns in complex object" is abbreviated into "RWSMM-PCO".
Algorithm 1. RWSMM-PCO
for i = 1, 2, · · · , n do 1. Compute the similarity value S X (x i , x j ) by equation (5) Obviously, the similarity of any two patterns in C O = (X, R) can be determined by algorithm 1. But, the possible random walk route between patterns x i and x j may be very long, especially in some practical problems.
Once the value of R in C O = (X, R) is given, the random walk routes between any two patterns can be determined. By considering the needs of the practical problem and especially the difficulty of computing the concrete random walk route, next we study the similarity measure between any two patterns when the longest length of corresponding random walk route is restricted. For convenience, we suppose that the length of random walk route between patterns x i and x j is ij , and the corresponding threshold is ϑ * ij . On these hypothesis, the algorithm 1 can be rewritten as following algorithm 2. Similarly, here the sentence "length limited random walkbased similarity measure method for patterns in complex object" is abbreviated into "LLRWSMM-PCO" for short.
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Obviously, the similarity of any two patterns in C O = (X, R) can be determined by algorithm 1. But, the possible random walk route between patterns x i and x j may be very long, especially in some practical problems.
Once the value of R in C O = (X, R) is given, the random walk routes between any two patterns can be determined. By considering the needs of the practical problem and especially the di culty of computing the concrete random walk route, next we study the similarity measure between any two patterns when the longest length of corresponding random walk route is restricted. For convenience, we suppose that the length of random walk route between patterns x i and x j is ij , and the corresponding threshold is ϑ * ij . On this hypothesis, the algorithm 1 can be rewritten as following algorithm 2. Similarly, here the sentence "length limited random walk-based similarity measure method for patterns in complex object" is abbreviated into "LLRWSMM-PCO" for short. September 7, 2016 Journal of Difference Equations and Applications RWBSMMFPICO Algorithm 2. LLRWSMM-PCO for i = 1, 2, · · · , n and parameter ϑ * ij do 1. Compute the similarity value S X (x i , x j ) by equation (5) 
Experimental study
In this section, we introduce a synthetic example to illustrate the validity of the proposed similarity measure method for patterns in complex object. For the complex object C O = (X, R), the attribute information is listed in table 1 and the relational information is shown in figure 2 . Hereinto, the relational information reflects the similarity between any two patterns. Table 1 . Attribute information of patterns As can be seen from figure 2, there has at least one random walk route from x i to x j . Take the patterns x 2 and x 8 for example, obviously, they are 4 steps reachable patterns. With the aid of equation (5), we have that the similarity of x 2 and x 8 with respect to the attribute information is
Obviously, there have 2 random walk routes between x 2 and x 8 , which are:
In this section, we introduce a synthetic example to illustrate the validity of the proposed similarity measure method for patterns in complex object. For the complex object C O = (X, R), the attribute information is listed in table 1 and the relational information is shown in gure 2. Hereinto, the relational information re ects the similarity between any two patterns. for i = 1, 2, · · · , n and parameter ϑ * ij do 1. Compute the similarity value S X (x i , x j ) by equation (5) (1) 
In this section, we introduce a synthetic example to illustrate the validity of the proposed similarity measure method for patterns in complex object. For the complex object C O = (X, R), the attribute information is listed in table 1 and the relational information is shown in figure 2 . Hereinto, the relational information reflects the similarity between any two patterns. Table 1 . Attribute information of patterns As can be seen from figure 2 , there has at least one random walk route from x i to x j .
Take the patterns x 2 and x 8 for example, obviously, they are 4 steps reachable patterns. With the aid of equation (5), we have that the similarity of x 2 and x 8 with respect to the attribute information is
Obviously, there have 2 random walk routes between x 2 and x 8 , which are: As can be seen from gure 2, there is at least one random walk route from x i to x j .
Take the patterns x and x for example, they are 4 steps reachable patterns. With the aid of equation (5), we have that the similarity of x and x with respect to the attribute information is
Obviously, there are 2 random walk routes between x and x , which are:
If the route τ is considered, then, we have that
while if we take route τ into account, then
Taking equation (7) and equation (8) into equation (3), we have that S R (x , x ) = .
. Thus, the similarity of patterns x and x is s = .
. Similarity, if take patterns x and x for example, we have that the similarity with respect to the random walk route
and the similarity with respect to the random walk route
Therefore, the similarity of x and x is s = . . Obviously, if only the attribute information is considered, then the similarity value of x and x is 0.986, and the similarity value of x and x reaches up to 0.988. Certainly, if we only take the relational information into consideration, then the similarity of x and x is equal to 0, and the same as that of x and x . For the similarity of any two patterns, it can be found in table 2. If the route τ 1 is considered, then, we have that
while if we take route τ 2 into account, then
Taking equation (7) and equation (8) into equation (3), we have that S R (x 2 , x 8 ) = 0.633. Thus, the similarity of patterns x 2 and x 8 is s 28 = 0.848. Similarity, if take patterns x 2 and x 4 for example, we have that the similarity with respect to the random walk route
Therefore, the similarity of x 2 and x 4 is s 24 = 0.855. Obviously, if only the attribute information is considered, then the similarity value of x 2 and x 8 is 0.986, and the similarity value of x 2 and x 4 reaches up to 0.988. Certainly, if we only take the relational information into consideration, then the similarity of x 2 and x 8 is equal to 0, and the same as that of x 2 and x 4 . For the similarity of any two patterns, it can be found in table 2. Table 2 . The similarity of patterns In above discussion, the longest length of random walk route is not restricted. For example, x 2 and x 8 are 4 steps reachable patterns, and there have 2 possible random walk routes. If the longest length of random walk route is limited to 3, then they are unreachable. If so, according to the algorithm 2, only the attribute information is considered during the process of similarity measuring. But for patterns x 2 and x 4 , because they are 2 steps reachable patterns, then ϑ * 24 = 3 has no effect on it.
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In above discussion, the longest length of a random walk route is not restricted. For example, x and x are 4 steps reachable patterns, and there have 2 possible random walk routes. If the longest length of random walk route is limited to 3, then they are unreachable. If so, according to the algorithm 2, only the attribute information is considered during the process of similarity measuring. But for patterns x and x , because they are 2 steps reachable patterns, then ϑ * = has no e ect on it.
Conclusion
Here, the problem of how to calculate the similarity of patterns in complex object is discussed carefully. Because the complex object is composed by two types of irrelative information (the vector-based attribute information and the relationship-based relational information), the similarity of patterns in such object is not a simple thing. To this, we proposed a random walk-based similarity measure method for patterns in complex object, where the reachability of any two patterns played a dominant role. On these bases, the similarity of patterns can be obtained by weighting the similarity with respect to the attribute information and the similarity with respect to the relational information. At the end of this paper, a synthetic example showed the validity of our proposed similarity measure algorithm.
